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ABSTRACT: We interpret extremal non-BPS black holes in four dimensions as threshold
bound states of four 1/2-BPS constituents. We verify the no-force condition for each of
the primitive constituents in the probe approximation. Our computations are for a seed
solution with DO — D4 charges and equal B-fields, but symmetries extend the result to
any U-dual frame. We make the constituent model for the DO — D6 system explicit,
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configuration space.
KEYWORDS: Black Holes in String Theory, D-branes

ARX1v EPRINT: 0903.0719

© SISSA 2009 doi:10.1088/1126-6708,/2009/07 /052


mailto:eggimon@lbl.gov
mailto:larsenf@umich.edu
mailto:J.Simon@ed.ac.uk
http://arxiv.org/abs/0903.0719
http://dx.doi.org/10.1088/1126-6708/2009/07/052

Contents

1 Introduction 1
2 The canonical non-BPS black hole 4
3 Probing extremal non-BPS black holes 7
3.1 DO-brane probe 8
3.2 D4-brane probe 9
3.3 Other probes 10
3.4 A supersymmetric probe computation 10
4 U-duality and the D0 — D6 black holes 12
4.1 DO — D6 constituents and the DBI mass 12
4.2 Quantization of charges and fluxes 14

4.3 Multi-center BPS solutions and decay of the non-BPS D0 — D6 black holes 15

5 Non-BPS black holes from D3-branes at angles 19
5.1 Duality from D0 — D6 to D3-branes at angles 19
5.2  Perturbative stability of extremal black holes 20
5.3  Supersymmetry breaking of D3-branes at angles 22

6 Discussion 24

1 Introduction

Non-BPS charged extremal black holes in four dimensions are interesting because they
represent an intermediate step between supersymmetric extremal black holes and more
physically realistic non-BPS non-extremal uncharged black holes. In this paper we explore
the physical properties of non-BPS extremal black holes further with special emphasis on
a constituent model for them.

In N=2 supersymmetric theories with a U-duality action on the physical fields, some
properties of non-BPS extremal black holes can be obtained by analytical continuation from
their BPS relatives. This is the case for the black hole entropy, perhaps the most prominent
black hole characteristic. However, the black hole entropy, and analytical continuation
generally, is only part of the story. Other features of known explicit black hole solutions
indicate significant qualitative differences between the BPS and non-BPS branches of these

U-duality invariant theories, including:



1. Attractor behavior: The attractor mechanism for N = 2 BPS black holes applies to all
scalars in vector multiplets but not those in hyper multiplets. For the symmetric N =
2 theories which interest us there are scalars in vector multiplets that decouple from
the attractor flow so that their horizon values are indeterminate. In other words, some
scalars experience a flat potential. It is remarkable that it is the non-BPS black holes
that exhibit the largest number of flat directions in the supergravity approximation.

2. Mass formula and constituent model: The mass of extremal non-BPS black hole in
the supergravity limit can be written as the sum of the masses of four primitive 1/2
BPS constituents with no intrinsic entropy of their own. This property applies every-
where in moduli space, although the specific four-part split changes. The form of the
mass formula suggests that, at least in the supergravity limit, all non-BPS extremal
black holes are threshold bound states of four constituents. The analogous BPS mass
formula is more involved so, again, there are certain remarkable cancelations that

apply specifically to non-BPS black holes in the supergravity approximation.

3. Phase diagram: The mass of of the spherically symmetric non-BPS black holes is
always strictly greater than the BPS bound, even in regions of moduli space where
BPS multi-center solutions exist. This suggests that the two branches are related by
a first order phase transition.

The starting point for this paper is the most general extremal static spherically sym-
metric non-BPS black hole solution to the STU-model. This was first constructed in [1],
and later rediscovered in a different U-duality framework in [2], extending the work in [3].!
The generating solution constructed in [2] takes a simple form in a canonical duality frame
where the charges are those of anti-D0-branes and three kinds of D4-branes, while the
three axionic scalars of the solution asymptote a common B-field. In this canonical frame

the mass of the extremal black holes is:

3
2G'N MNon-BPS = - <|Q0| +Y P+ BQ)) ; (1.1)
V2 i=1
with the convention that p < 0 on the non-BPS branch. The mass formula is simply the
sum of the masses of anti-D0-branes and D4-branes individually, with the B-field taken into
account for each brane independently. This suggests a constituent model with no binding
energy, i.e. a threshold bound state. In this paper we provide further evidence in favor of
this interpretation.
To appreciate how surprising the non-BPS mass formula (1.1) is, let us compare with
the BPS mass formula:

S
V2

!There is a lot of related work in the literature concerning first order flow equations and attractors [4]

3
2GN Mpps = Qo+ > P'(1+iB)|, (1.2)
im1

(see the review [11] and references therein), microscopics [5, 6], non-extremal D0-D6 interactions [7] and
also quantum lift of flat directions [8]. The static single centered solutions studied here have also been
recently extended to multi-center configurations with and without angular momentum [9, 10].



where now Q9 > 0. For non-vanishing B-field the total mass is less than the sum of
constituent masses. Hence we have a genuine bound state, with non-vanishing binding
energy. Although the binding energy vanishes in the limit where the B-field is removed,
it is believed that normalizable bound states persist in this limit which corresponds to the
BPS black hole.

Our constituent model of the non-BPS black holes as a threshold bound state suggests
a classical instability: throughout moduli space we should be able to remove constituent
quanta from the system and take them to infinity, at no cost in energy. If we describe the
effective dynamics of such a constituent quantum as a probe in the background generated
by the extremal black hole, it must be the case that it feels no force, if it carries the right
charges to be interpreted as a constituent of the bound state. We will test this expectation
by explicit computation.

In a general U-duality frame, with arbitrary charge vector and asymptotic moduli, the
non-BPS mass formula similarly takes the form of a sum of four terms, each of which is the
mass of a 1/2-BPS constituent. Having identified the constituents of the non-BPS black
hole in the canonical duality frame, the appropriate constituents for any other non-BPS
black hole can be determined as the image under U-duality of the canonical constituents.
We will make this procedure explicit for the case of the DO — D6 system. In this case it
is not obvious a priori what the four 1/2-BPS constituents should be. We find that the
constituents of the D0 — D6 system are D6-branes with fluxes [12, 13] and verify that this
gives the correct mass formula for the D0 — D6 in the presence of general B-fields.

We also consider a duality frame where the primitive constituents are interpreted as
D3-branes at angles. This more geometrical setting is well-suited for discussing the spec-
trum of open strings stretching between the constituent branes. We will focus on the stabil-
ity condition imposed by the absence of tachyons. The representation of the non-BPS black
hole as D3-branes at angles is also well suited for discussing spacetime supersymmetry.

Extremal non-BPS black hole have an instability into just two 1/2-BPS decay prod-
ucts, which are not mutually local. The D0 — D6 frame realizes this instability in a simple
manner: overall energy is lowered if the DO-brane tunnels and escapes to infinity. Thus
our threshold bound state is at best meta-stable. The full story is in fact more interest-
ing due to the existence of stable BPS solutions with lower energy than widely separated
DO0-brane and D6-branes. These configurations necessarily have multiple centers, and they
exist only when a sufficiently large B-field is turned on. Whenever there is a multi-center
solution available, there may be a first order phase transition between the non-BPS and
the BPS branches.

This paper is organized as follows. In section 2 we review the canonical non-BPS
solutions, with emphasis on the field strengths supporting the solutions. In section 3 we
present the probe computation verifying that the proposed constituents feel no force from
the non-BPS black hole, a delicate matter in the presence of B-fields. In section 4 we
determine the constituent interpretation of the D0 — D6 black hole. In this setting we also
discuss quantization conditions and the relation to BPS multicenter solutions. In section
5 we examine a duality frame where the primitive constituents are D3-branes at angles.
In this setting we discuss stability of the system from the world-sheet point of view, and



we detail supersymmetry breaking. Finally, we end in section 6 with a discussion of some
open issues, including some comments on the entropy of extremal non-BPS black holes.

2 The canonical non-BPS black hole

The setting for our study is the STU-model [14-16], i.e. N = 2 supergravity in four dimen-
sions with ny = 3 vector supermultiplets that couple through the prepotential:

s X' XIXF XTX2 X3

F=
6X0 X0

(2.1)

The notation is s;, = |e;;x] with 4, j,k = 1,2,3. The STU-model is a closed subsector of
both N = 4 and N = 8 supergravity and our results apply in those contexts as well, as
detailed in [2].

The single center extremal black hole solutions in the STU-model are uniquely charac-
terized by their charge vector I' = (P!, Q) (with I = 0,1,2,3) and the asymptotic value of
the complex moduli 2 = X?/X" = 2% —iy® (with i = 1,2,3). The STU-model has a SL(2)3
duality symmetry that acts nontrivially on these parameters so we may consider a seed
solution with just (84 6) —9 = 5 parameters with the understanding that the most general
charge vector and asymptotic moduli can be restored if needed, by acting with dualities [17].

Sufficient general black hole solutions are generally very complicated but there is a
canonical duality frame where the solution simplifies [2]. In this frame the five parameters
of the seed solution are four nonvanishing charges @, P’ and the fifth parameter is chosen
as the diagonal pseudoscalar 2* = B — i (with the same B for i = 1,2,3). We take Qg < 0
and P! > 0 which, in our conventions, means supersymmetry is broken. With these choices,
the four dimensional metric of the seed solution is:

ds? = —e®V at? + 72V (dr2 + 72 (df? +sin? 0 d¢2)) ) (2.2)
with the conformal factor [2]:
e = —4H H'H*H? — B, (2.3)

where the four harmonic functions are:

2 : 2P
\/EHOZ—(1+BQ)+@ ,\/§HZ:1+\/— . (2.4)
r r
The constants of integration have been adjusted so that the conformal factor e %V — 1 as

r — oo. The conformal factor is positive definite because @y < 0. The scalar moduli 2°
are written in terms of the harmonic functions as
. B—ie
A= (2.5)
Sl'ij] H
The asymptotic behavior is 2 — B — i as r — oo in accord with the duality frame we
have chosen.



The STU-model can be interpreted as a subsector of type ITA string theory on 76 =
T? x T? x T?. Then the scalars are the complexified Kihler moduli 2* = z* — iy’ of the three
T?’s. The four electric charges correspond to DO and D2’s wrapping the T2’s, while the
magnetic charges correspond to D6 and D4’s wrapping the dual T%’s. Thus the canonical
charge configuration that gives a simplified solution is the D0-D4 system, with identical
B-field turned on in each of the 7?’s.

At this point we have not yet specified the gauge fields in the solutions. Since those
play a central role in the probe computations presented in the next section, it is appropriate
to derive them in detail. The result for the gauge fields is given in the end of this section.

Starting from the gauge field AT we introduce field strengths F*! = dA! +i « dA!
(I = 1,2,3) that are imaginary anti-self-dual (imaginary self-dual) under Hodge duality.
The symplectic dual field strengths defined as:

Giy =Ny FH (2.6)

are written analogously G1; = dAy +1i xdAy in terms of the symplectic dual gauge field
./IJ. We decompose the field strength and the symplectic dual field strength into electric

and magnetic components as:

dA" = E'dt Adr + da’ | (2.7)
dA; = Eydt Adr + day . (2.8)

For single center solutions the Bianchi identities for 7/ and G; determine the magnetic

components uniquely in terms of conserved charges:
al = —PlcosOdp, d;=—-Qycosfdo. (2.9)

The Bianchi identity for G; is equivalent to the equations of motion for the ”true” field
strength F!. The magnetic charge of the symplectic dual field strength G; is the electric
charge in terms of F and therefore denoted Q.

At this point the gauge fields are completely specified but we must impose the symplec-
tic duality condition (2.6) consistently in order to make them explicit. Taking orientation
so that €55 = 41 the metric (2.2) gives:

*(dt Adr) = e 2V 12 (df Asinfdo) | (2.10)
o2U
*(dO Nsin@do) = 3 dt Adr. (2.11)
Note x> = —1, as always on a four dimensional Lorentzian manifold. The Hodge duals of

the magnetic fields (2.9) become:
o2U o2U
wdd’ = —Pl—-dt Ndr, *dd;=—Qs—5 dt Adr. (2.12)
T T

Decomposing the moduli matrix A7; into its real and imaginary part, N; = pury — ivys
and focusing on the dt A dr components of the 2-forms in (2.6) we solve for the electric



components {EY, E;} introduced in (2.7)-(2.8) and find:

€2U

B = Tz v [Qr = par PR (2.13)
€2U
Ey=—5 [pv™ Qu = (usxcv™ s +von) PM . (2.14)

17 is the inverse of vy, i.e. !’ vy = 6! k. The df A dé components of (2.6)

The matrix v
give no further constraints, they give equations that are satisfied automatically.

The expressions (2.13)—(2.14) are general, valid for N = 2 supergravity with any num-
ber of vector multiplets. However, they depend on the scalar fields through the moduli
matrix defined as:

(Im Fr) X5 (Im Fypr) XM

— v = F % 2.15

Nig = pry +ivy 1J+ 21 (Im Frs) XEXS ’ (2.15)
O*F

Frr = 5xax7 (2.16)

and to make that dependence explicit we need the prepotential, i.e. (2.1) in the case of the

STU-model. Writing out (2.15) in this case we find [16]:
21‘11‘2.%’3 —T2x3 —T1Tx3 —XL1T9Q
- 0
py=| S I (2.17)
—I1T3 T3 0 T
—X1T9 T2 I 0

from the real part of the equation and:

2 2 2
1 ) 3 1 T2 z3
- (1—|- st ety) v i v

Y1 Y3 Yi Ya Y
P = 0 0
VIJ = Y1Y2y3 o G ; (2.18)
=2 0 — 0
Y3 2 1
z3 0 0 -2
Y3 v3

from the imaginary part. We also need the inverse of (2.18):

1 I i) T3
1 z 2t + Yl mre T
Vivays | w0 zime 23+ Y3 woms
T3 T1r3  T2T3 x% + Z/g

(2.19)

The position of the indices on the real moduli is usually taken lower (i.e. z;,y;) for ty-
pographical convenience although, strictly, these fields have only been defined with upper
indices (2% = 2* — iy?).

The electric fields supporting the seed solution (2.2) is found from the general expres-
sions (2.13) by inserting the moduli matrices vy, pu7y; and turning on only the charges

(Qo, P). The result is:

oo O 1 <Q0 -~ lg»kxixjp’f) (2.20)
2 Y1y2y3 27 ’ '

E' = —g 1 <xz Qo — (22 +y2) siipx; PF — lPi s ‘kl:vjxkxl> (2.21)
2 y1yaus3 i T Yi) Sijk¥j 6l 5 ;



where there is no summation over the free index 4 in the expression for E?. The electric
fields give the forces on electric probes. The full electromagnetic field is given in (2.7) with
the electric fields (2.22)—(2.21) and the magnetic fields (2.9). We will also need the dual
electric fields (2.14):

2U
€ 1 1.2.3 1 i 2 2\/ .2 2

Eo= =" yly?y3 <—x v Qot §mipl sig(j +y7) (@ + i) | (2.22)
eV Sijk 2 2 2 2\ pi 2 2\ pj

Bi = ——5 ST (zjer Qo — (25 +y7) (wf + yi) P — 2wz (af +yj) P7) . (2.23)

Again, there is no summation over the free index 7 in the expression for E;. The dual
electric fields give the forces on magnetic probes.

3 Probing extremal non-BPS black holes

As explained in the introduction, it is reasonable to describe non-BPS black holes as thresh-
old bound states of 1/2-BPS constituents. The canonical D0 — D4 solution reviewed in the
previous section is thus interpreted as a collection of D0-brane and D4-brane constituents
placed on top of each other with no binding energy.

In this section we test the interpretation as follows. The lack of binding energy means
constituents can be arbitrarily separated. Thus it should be possible to bring in additional
constituents from infinity, without them being subject to a force. Accordingly, we expect
DO0-branes and D4-branes wrapping any two torii to feel no force, whereas other 1/2 BPS
probes like wrapped D2’s and D6’s should feel forces.

The potential felt by a static Dp-brane at a constant position due to a background
field is given by the Lagrangian density of the Dp-brane, up to a sign:

Vop = Tp [e*w*%) V—det(G + B) — V21 A,,+1] =T, (Vop1 + Vivz) ,  (3.1)

where 7 parameterises whether we are describing a Dp or an Dp brane. We have in mind
infinitesimal constituents being added and so it is justified to use the probe approximation
where distortion of the background due to the probe is neglected. The DBI action should
give a precise description even though the background is non-BPS, because the proposed
constituents are 1/2-BPS.

The dilaton in (3.1) is the 10D dilaton, with its asymptotic value absorbed in the
tension of the brane. The 4D dilaton is a component of a hypermultiplet, which has no
radial dependence, so the 10D dilaton acquires its variation solely from the volume of 7 in
the condition e~ 2(¢1—¢100) — 6*2(‘25*‘1’00)‘/6 = 1. It is convenient to evaluate the combination:

1, 2V2H'H’H?

7(¢7¢oo) —
e — = e = 32
V —Jtt /7y1y2y3 (—_[4 _ B2) ( )
Here we are introducing the conventional notation for the quartic duality invariant:
2
I, =4HyH'H?H® — 4HH,H,H5 — (Z HIHI> + 42 H'H;H’H; (3.3)
I i<j



which the charge assignments of the seed solution reduces to:
I, — 4HyH'H?H?3. (3.4)

Recall that I, < 0 for non-BPS solutions.

We have written the DBI-action (3.1) in the conventional manner but we should remem-
ber that the B-field appearing in (3.1) is the spatially varying B-field, whose components
on each T2 we hitherto denoted z. For a single T? the dictionary of notations is:

Vdet(G+ B) — a2 +y2 = |z]. (3.5)

The normalization of the WZ-term in (3.1) is unconventional, a consequence of the
definition of gauge fields we adopted.? The contribution to the force (in units of the brane
tension 7},) from the WZ term is simply:

_ Wz _ 5, 0%0 _ g, (3.6)
or or
The electric field one should use in this expression depends on the identity of the probe: it
is E°, E* for DO, D2 branes and Ey, F; for D6, D4 branes. The electric fields generated
by the D0-D4 background were given in (2.20)(2.23).
We are now ready to compute the forces that the seed solution exerts on a variety

of probes. In the following we establish that the DO — D4 background exert no forces on
DO0-branes, nor on D4-branes, despite the presence of a B-field. These results support our
contention that these are the constituents of the bound state. As a means of emphasizing
the nontrivial nature of the cancellations, we also carry out the corresponding computation
for a BPS black hole and show that, in that case, the B-field obstructs the cancellation.

3.1 DO-brane probe

Consider a DO0-brane (or a DO0-brane) experiencing the forces of the extremal non-BPS
DO — D4 black hole with equal B fields. The DBI contribution to the force is found by
differentiating (3.2):

Vi 22HIH?H? [0OI 1 OH?
_ DBI__f_<_4+<_I4_Bz) 1 )

or  (=I;—B?»% \ or - H' or
1 2v2H'H?H? Qo o v— P!
= 2 LB Ly =B ZF : (3.7)

Since Iy < 0 the force is negative, i.e. towards smaller r, as one expects for the attractive
gravitational and dilatonic forces. The DBI-contribution to the force is the same for a
DO-brane and for a DO-brane.

The WZ contribution to the force is given by inserting (2.20) in (3.6):

B ang — _VaE".
r

2We have checked that the normalization given here gives the correct BPS conditions. Also, for non-

BPS states the coefficient is determined by cancellation of forces in the absence of a B-field and then the
cancellation for general B-field is independent of conventions.



- \/577 8(H1H2H3)2 Q B2 Z PZ

~ 2 (-L-B%2 " 4H'H?H® £~ H'

:E@ [4@_322ﬁ (3.8)
12 (=1, — B2)? Hy —~H' | '

In the second line we simplified using the second part of (3.2). The result for the WZ-
force is positive for n = —1 and negative for n = +1, because D0’s are repelled from
the DO — D4 black hole, while D0’s are attracted. In the case of DO the repulsion pre-
cisely cancels the attraction (3.7) such that there is no net force, even in the presence of
a B-field. This result confirms our expectation that the extremal black hole contains DO
constituents at threshold.

3.2 D4-brane probe

We consider a D4-brane wrapping tori one and two (without losing generality). From (3.1)
we find the potential felt by a static configuration:

Vot = e ?v/—gi |21]| 22|
1 -1,

= ) 3.9
VAH (i — BY) (39)
where we used (3.2) and wrote the moduli (2.5) in the useful form:
-1
2 4
R 3.10
|z o I )2 (3.10)
The DBI contribution to the force then becomes:
oVper 1 Iy p3 2 (Qo Q1 Q2
- S L B2 (0 L =2 3.11
dr  r2\2H3(—I,— B2)? | ‘H® i H CH (3:.11)

after some simplifications. Since I < 0 the force is negative again, as one expects for the
attractive gravitational and dilatonic forces.

The WZ contribution to the force is given by inserting (2.23) in (3.6):

A%
— W7 = —\/577E3 .
" P QL QL Q
7 Iy P 9 < 0 1 2)}
= —= —If—+DB |+ —+—+— 3.12
72 \2H3(—14 — B2)? [ “H3 Hy Hy H (3.12)
The force is positive for n = —1 so we interpret that sign as corresponding to a D4-brane,

the case where the probe is repelled from the D0 — D4 black hole background. For n = —1
there is a perfect cancelation between DBI and WZ forces at all positions, and with general
B taken into account. This supports our interpretation of the D4 as one of the 1/2-BPS
constituents of the non-BPS black hole.



3.3 Other probes

Our formulae easily gives the forces on many other probe branes, such as D2, D6, and also
various branes with fluxes turned on.

The case of D2, D6 is particularly simple. In the absence of a B-field there is just
the attractive force due to the gravity-dilaton interactions encoded in the DBI action and
the WZ-term vanishes identically because the charges involved in background and in probe
are different. The inclusion of a B-field makes the accounting less transparent, because
the B-field induces electric fields of all types and so a contribution from the WZ-term.
Nevertheless, a net attractive force remains even when B is taken into account.

A more subtle case is when we consider D0, D4 with fluxes on their world-volumes.
The fluxes modify the DBI term and also the WZ term, obstructing the delicate cancellation
exhibited above in the absence of fluxes. This gives rise to a net force on the probe. This
shows that the correct constituents for the DO — D4 black hole are the D0’s and D4’s with
no fluxes on their world-volumes.

3.4 A supersymmetric probe computation

The cancellation of forces made explicit in the preceding subsections is reminiscent of
similar phenomena in simple supersymmetric systems. In order to appreciate that the
non-BPS cancellations we exhibit are in fact novel, it is worth carrying out analogous
computations for BPS black holes.

To do this let us consider the standard BPS black holes with D0, D4 charges and a
diagonal B-field [18-20]. The metric remains of the form (2.2) but in the BPS case the
conformal factor is:

e~ 4Usps — 1, (3.13)

where the quartic invariant I defined in (3.3) depends on the harmonic functions:

) o %
Hozﬁo’ HZ:P+_,
r

— Qo

Hy=Q,+ - H; = Q. (3.14)

We have I, > 0 for BPS configurations. The B-field is encoded in the constants:

—0 1

P = —sina, Qp = (1 —3B% cosa+ B(3 - B?sina) ,

-5
-5 =

P= E(Cosa—kBsina), Q= %( Bcosa—sina(l—B2)) , (3.15)

where the phase of the spacetime central charge is:
2B Z; P .
Qo+ >, P'(1 - B?)
The scalar fields in the BPS solution are:
(H'H; — 2H'H;) —ie 2V

i , 3.17
N syrHIHF — 2HOH, (3.17)

tan o =

(3.16)

,10,



with no sum over the index 1.
Let us consider a DO-brane probe. In this case the DBI potential becomes:

1
Vopr = ———=¢"
y'yry?
_ \/8(H?H? — HH,)(H?H' — H'H,)(H'H? — H'H3)
— I
_ 1 : : 1
X <1+2PZiPZ;> 1—V2 <(Q0+;P’(1—Bz))cosa+2BZiP1 sina) ;]

, 1
~ 1—\/5<QOCOSQ+BZP’(Sina—Bcosa)) - (3.18)
- T

We expanded for large r using:
A : 1
Li=1+V2 Pi(1—B? 2B P'si — 3.19
4 +\/—<(QO+; ( )) cos o + ZZ: sma) 7“+ (3.19)

We then find the gravity-dilaton force:

_ OVber _ -2 <Qo cosa + B ZPi(sina — B cos a)) i +o (320)

or r2

The WZ-coupling is written in terms of the electric field in (3.6) and the applicable
electric field is given in (2.22). This gives the force:

- ang — —V2pE°
"
V2 e

=N—5 [Qo - (362963131 + x3x1P2 + xlmQPg)]
T Y1y2y3

= "T—? (Qo — B? ZP’) + 0(%) : (3.21)

The case of 7 = 1 corresponds to a DO-brane (rather than an DO-brane). In this case

the force cancels completely when there is no B-field, as one expect for a BPS system, but

1 1
ﬁ+0<73>

(3.22)

generally the B-field obstructs the cancellation:

OWVwz  OVper
_ _ZVDBL _ /5
or or V2

Qo(1l —cosa) — BZPi(B(l — cos @) + sin )

232 (¥, Py 1
G <Qo+zia>2+o< >

r3
Thus there is generally a net force in the supersymmetric system. The force is negative, i.e.

attractive, indicating that the D0’s are bound to the D0 — D4 system in the presence of a
B-field. That is indeed what we expect from the BPS mass formula (1.2), which indicates
that there is a genuine bound state, i.e. one with binding energy.

The point we emphasize in this section is that the analogous non-BPS state is very
different from the BPS state: there is no force whatsoever even in the presence of a B-field.
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4 U-duality and the D0 — D6 black holes

The non-BPS black hole considered so far is a seed solution. This means any other extremal
non-BPS black hole solution can be generated by acting with U-duality. Acting with U-
duality on the four primitive constituents identified for the seed solution, we can construct
the primitive constituents appropriate for any extremal black hole we wish to analyze. By
construction such primitive constituents will feel no forces from the black hole in the probe
approximation. This matches the U-duality invariance of the probe potential computed
before [21]. Accordingly we interpret a general non-BPS black hole as a marginal bound
state of the corresponding four primitive constituents.

In this section we use employ U-duality to analyze the non-BPS extremal D0 — D6
black hole in the presence of background B-fields. We find that the constituents are
D6-branes with specific fluxes turned on. In the regime with large B-fields there exist
BPS configurations with the same charges as the black holes we consider. We use this
circumstance to clarify the relation between the BPS and the non-BPS branches.

4.1 D0 — D6 constituents and the DBI mass

The five parameters of the seed solution (DO-charge, three D4-charges, and a common B-
field along three T?’s) can be mapped by U-duality to the five parameters of the D0 — D6
black hole (D0-charge Qg, D6-charge P°, and independent B-fields By, Bo, B3 along three
T?’s). The explicit map (constructed in section 5 of [2]) depends prominently on three
parameters A; related to the variables of the DO — D6 frame by the equations

0
AjAsAs = %, (4.1)
S+ B — AT = SI( 4+ BY) - A7 = S[As0+ B - A" (42)

The awkward constraint (4.2) arises from the requirement that the B-field in the D0 — D4
seed solution is the same on the three T?’s. We included the factor of 1/2 so that these
expressions are precisely dual to the B-field of the seed solution.

The complete solution describing the DO — D6 black hole in the presence of B-fields
follows by substituting the explicit duality map into the seed solution. The resulting
expressions are unwieldy and not very illuminating, so we will not present them here. A
more instructive computation is to transform the four primitive constituents of the seed
solution by the duality transformation and so identify the primitive constituents underlying
the DO — D6 black hole. This transformation gives the charge vectors

Iy = %(PO —P°/Ay, —P°/Ag, —P°/A3; Qo; P°/(A2As), PP/ (A1Az), PP /( A1A2>
TS i(PO;—PO/Al,PO/Az,PO/A:s;Qo;PO/(AzAs),—PO/(AIAB) —P/(A1A) )
INGTE i(PO;PO/Al,—PO/Az,PO/A:s;Qo;—PO/(A2A3),PO/(A1A3) —P%/(A1As) )
Ly = i(PO?PO/Al,PO/A%—PO/A3;Q0;—PO/(A2A3) —P%/(M1A3), P?/(A1Az) >
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in a notation where the 8 entries of the charge vectors are those of D6, three kinds of D4’s,
DO, and three kinds of D2’s. The total charge vector

D =07+ + T+ Ty = (P%0;Qo;0)

is that of the DO — D6 black hole, as it should be. The direct derivation of (4.3)—(4.6) can
be carried out using formulae in [2] but we will also verify these expressions in section 5.1
of the present paper, using a simple duality chain.

To interpret the expressions (4.3)—(4.6) we compare with a microscopic model based
on coincident D-branes. In the absence of external B-fields it has long be known [12, 13]
that a total charge vector with just DO- and D6-brane charge can be reproduced using four
D6’s wrapping T2 x T? x T? with flux assignments:

(Fi2, Faa, Fse)' = (f1, f2, f3), (4.7)
(Fia, Py, Fso)'' = (f1, —f2. —f3) (4.8)
(Fi2, Faa, Fse)"'" = (= f1, fa, —f3), (4.9)
(Fra, P, Fs6)'Y = (=f1,— fo. f3). (4.10)

The superindex {I, II, I11, IV} enumerates the four D6’s while the subindex in the indi-
vidual fluxes f; refers to the torus in which they are thread. The induced D0-brane charge
from the flux F is the third Chern class®

ng 1 neVes f1f2f3
-_2 trFANFANF = ——22-2-22/° 4.11
"0T T Gl2n)? / rEAEA 2rp (411)
S0 we have
PY o Ms ne Ve (277)3 1 (4 12)

Qo Mong  (@m)0aBVefifafs  @rad)fifafs

In order to induce the correct total D0-brane charge the fluxes must be chosen so that

2ra ) fifofs = —=¢ . (4.13)

The pattern of signs in the fluxes (4.7)—(4.10) were chosen such that all induced D2-brane
and D4-brane charges cancel. The four D6-branes with fluxes arranged in the manner
indicated are mutually local and they have the total quantum numbers expected of the
primitive constituents underlying the D0— D6 black hole. However, the model is incomplete
because it only specifies the product of the fluxes f1, f2, f3, not their individual values.
The constituent charge vectors (4.3)—(4.6) determined in our construction are pre-
cisely those of D6-branes with fluxes (4.7)—(4.10) if we identify the parameters A; with

fluxes according to

A= — (4.14)

YT omdfy

3The B-field contributions to the WZW term should not be included here. Our definition of charges
from the four dimensional fields (2.9) gives nice quantization rules and transformation properties under
U-duality but it does not include the contribution from B-fields.
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As a consistency check we note that the constraint (4.1) maps to (4.13) under the iden-
tifications. More importantly, the constraints (4.1)—(4.2) determine the A;’s completely
in terms of the charges Qo, P° and the B-fields, B;. The identifications (4.14) therefore
specify the fluxes on the constituent D6-branes completely.

We now have the ingredients to discuss the mass of the DO — D6 black hole in a
background with three independent B-fields. The Dirac/Born-Infeld (DBI) mass of the D6
branes with flux is

M =Ty / Try/det [G + (2nra/F — B)] . (4.15)

We are not using this action in a truly non-abelian setting: we have in mind a diagonal
configuration describing four branes, each of which is BPS by itself although they are not
mutually BPS (they preserve different supersymmetries). Since F' is a rank four bundle,
we need to consider ng/4 such objects to obtain the correct D6-brane charge. This gives
a block diagonal configuration with unit metric, three B-fields, and the fluxes arranged as
above. The mass becomes

M = TyVs [(1+ (2rd/ f — B1)2) (1 + (270 fo — B2)?)(1 + (270’ fs — B3)*)]
Ve [(1 4 (2ma fi — B)?) (1 + (270 fo + B)?)(1 + (2ma/ f3 + Bs)?)]'/?
Ve [(14 (2m0 fi + B1)?) (1 + (270 fo — By)?)(1 + (2ma/ f3 + Bs)?)]'/?
Ve [(1+ 2rd fi + B1)?)(1 + (270 fo + Ba)?)(1 + (2ma/ 5 — Bs)?)]'/?. (4.16)

The total mass depends on the B-fields both explicitly as they appear in eq. (4.16) and
implicitly, as they determine the proper choice of f;’s. The general D0 — D6 mass for-
mula (4.16) computed from the DBI formula agrees with the one found (in (5.56) of [2])
by U-duality from our seed solution.

4.2 Quantization of charges and fluxes

So far we have treated fluxes and charges as continuous variables. This is reasonable for
most purposes, since the objects we study are large. However, the quantization conditions
lead to several important refinements which we turn to next.

One aspect of quantization is due to our constituent model having exactly four prim-
itive constituents. For the D0 — D6 black hole these four constituents appear on an equal
footing in that they can be permuted by symmetries. This structure is consistent with the
underlying charge quantization if the underlying numbers of D0- and D6-branes both are
divisible by four, but otherwise not. Non-BPS states with charges that are not divisible
by four are therefore protected against spontaneous separation into primitive constituents.
Generally there will be a binding energy that is finite, although not parametrically large.
In other words, the binding energy will be microscopic even for macroscopic states, leaving
the state fragile rather than unbound . This binding mechanism is a non-BPS version of the
customary restriction to mutually prime quantum numbers for threshold BPS bound states.

Another aspect of the quantization conditions concerns the flat directions in moduli
space. Recall that for non-BPS black holes there are two moduli that fail to be stabilized
by the attractor mechanism, even though they are in vector multiplets. In the DO — D6
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frame these unfixed moduli are just ratios of the three torus volumes, v1, v9, v3. The attrac-
tor mechanism does apply to the overall volume torus Vi and the three B-field densities,
so these should be kept fixed as we move along the flat directions. It is immediately
apparent that the dimensionful constituent charge vectors (4.3)—(4.6) are independent of
the flat directions.

Now, the relation between the dimensionful constituent charge vectors and the cor-
responding quantized charges depends on moduli. For example the dimensionless vector
corresponding to (4.3) becomes:

1

ny = Z(%‘; —ng/ A1, =6/ A2, _n6/)\3§n0§n6/()\2)\3)7716/()\1)\3)7”6/()\1)\2)> , (4.17)

where \; = A;/v;. The flux densities A;l remain invariant under volume changes but
the scaled densities )\;1 vary. The charge split for a non-BPS bound state with the same
charges as ng D6-branes and ng DO-branes therefore varies as we move along the flat
direction. Moreover, the number of D4-branes and D2-branes of the primitive constituents
depend continuously on the flat moduli. The lack of proper quantization implies some
some interesting finite g corrections to our picture of the non-BPS extremal black hole as
a marginal bound state, but we will not develop this point further in this paper.

4.3 Multi-center BPS solutions and decay of the non-BPS D0 — D6 black holes

Our extremal single-center non-BPS black hole solutions have the same quantum numbers
as a certain class of multi-center BPS solutions. Some of the characteristic features of these
BPS multi-center solutions are:

e Their mass is BPS, which is always strictly smaller than that of the non-BPS solution
with otherwise identical quantum numbers (see [2]).

e They are bound states of as few as two 1/2-BPS constituents. (We interpret non-BPS
solutions in terms of exactly four 1/2-BPS constituents.)

e The charge vectors of the 1/2-BPS constituents are mutually non-local, i.e. they have
non-zero intersection number. (The four constituents of the non-BPS black holes are
mutually local.)

e The constituents have a finite separation scale that is essentially determined by the
charge intersection numbers. (The constituents of the non-BPS black holes can move
freely in the supergravity approximation.)

e These BPS states only exist in part of the moduli space. There is a co-dimension
one wall of threshold stability in moduli space beyond which they disappear from the
spectrum. (The non-BPS black holes exist everywhere in moduli space.)

e The mutual non-locality of the charges generally necessitates angular momentum
in the multi-center BPS solutions. Varying the location of the constituents gives a
range of allowed angular momenta identical to the so-called “slowly” spinning non-

BPS black hole.
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The multi-center BPS solutions are thus very different from the non-BPS solutions analyzed
in this article. For example, it is evident that the BPS solutions cannot be continuously
connected to any non-BPS stationary solution through the wall of marginal stability, as
illustrated in the figure below. Instead, there can be decay from the non-BPS branch to
the BPS branch on the part of moduli space where BPS solutions exist. The transition
will release energy, entropy and generally also angular momentum. This indicates a first
order transition between the two branches.

The DO — D6 duality frame is the simplest setting for making this discussion more
explicit. Then the two types of constituents on the BPS branch are just DO0-branes and
D6-branes.* We will briefly summarize some of the history of BPS D0 — D6 bound states.

The problem of adhering D0-branes to D6-branes in a supersymmetric manner was first
considered by Witten [22].5 He found that a supersymmetric branch exists for sufficiently
large B-fields

Y BB >1. (4.18)
1<j
The equality defines a wall of threshold stability, which in the equal B field case is repre-
sented as the dashed line in the figure below.

In our notation we write the condition as sinaw < 0 where « is the phase of the

spacetime central charge matrix

yio = Qo+iP I, (1+iBi)
|Qo +iPO [T, (1 +14B;)|
(We take P° Qg > 0 without loss of generality.) Near the boundary a = 0, open strings

(4.19)

stretching between the DO0-branes and the DG6-branes have light modes described by an
effective quantum mechanics. The supersymmetric branch a < 0 is the Higgs phase of this
theory. Here there is a tachyonic open string mode which condenses to a supersymmetric
ground state, interpreted as the D0 — D6 bound state. This BPS state disappears from
the spectrum upon crossing the wall to a > 0.

In the early work no BPS supergravity solution was detailed. Later progress in the field
uncovered explicit supergravity BPS multi-center solutions [19, 21| which carry D0 — D6
charge. These are representations of the perturbative bound state in the supergravity
regime. We are particularly interested in the two-center solution based on two 1/2-BPS
charge vectors,

r, = (P°0,0,0),

'y =(0,0,0,Q0), (4.20)
which are not mutually local,

(T'1,Ta) = P°Qo, (4.21)

but they sum up to the total DO — D6 charge vector I'. Following [21] one can show that a
two-center BPS solution® with these charge assignments exists exactly when the separation

“The BPS branch may have other components corresponding to solutions with more than two types of
constituents or with the same number of different constituents. We do not explore this possibility here.

®See also related work in [23].

5For recent work on supersymmetric D0-D6 supergravity configurations, see [24, 25].
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3B2

Figure 1. Mass of the non-BPS and BPS branches for diagonal B field

between the two centers is:

_PY Qo+ iP [T (1+iBY) (4.22)
sina >ic; BBl —1 ' '

The supergravity scale (4.22) is meaningful only for sina < 0, exactly the same as the
condition for supersymmetry in the analysis of light open string modes.

The agreement of the BPS moduli space for the supergravity solution and the perturba-
tive analysis can be understood as follows [21]. There are three regimes in parameter space
where the D0 — D6 bound state can be simply analyzed: a “Higgs” branch, a “Coulomb”
branch, and the multi-center supergravity solution. At any point on BPS moduli space, the
scale (4.22) is proportional to the charges Qg, PY, which in terms are proportional to the
coupling gs (multiplied by the number of branes). For vanishing string coupling the scale
is negligible so we can focus on the lightest open string modes which, as mentioned earlier,
are tachyonic. Condensation of these modes fixes the separation scale at exactly zero. This
is the Higgs branch. Any non-vanishing scale (4.22) renders the open string modes massive.
This occurs whenever the string coupling is non-vanishing. As the scale becomes larger, the
Higgs potential becomes more shallow, and the semiclassical approximation for the Higgs
branch breaks down because the wave function spreads out more. It is the integration of
these massive modes out that leads to an effective potential for the D0 — D6 separation
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and the scale (4.22) is a consistent minimum of that potential. This is the Coulomb branch
description. Finally, if the separation scale fixed by the minimum of the potential lies
beyond the string scale, a supergravity analysis becomes more reliable than the quantum
mechanics derived from looking at just the low-energy open string modes. In summary,
increasing the string coupling g, from zero pushes us through a cascade of useful regimes:
“Higgs” to “Coulomb” to supergravity. Since this is true anywhere on the BPS moduli
space sin« < 0 it follows that this space comes out the same at weak and strong coupling.

We can also use the scale (4.22) as a guide towards the physics near the boundary
of supersymmetric moduli space. For any finite value of gy the scale increases without
bound as a — 07. Even if the fixed value of g5 is so small that the Higgs description
applies initially, the motion towards the boundary o« = 0 will again force us through the
cascade of useful descriptions, from “Higgs” to “Coulomb” to supergravity. For example,
the Higgs branch analysis becomes unreliable as the variance in the expectation value for
the tachyonic string modes becomes large. Once we reach a multi-center configuration, the
separation between the D0-branes and the D6-branes diverges as we take o — 0~. This
justifies our contention that we are dealing with a threshold transition where BPS states
completely exit from the spectrum.

The significance of this discussion for the non-BPS supergravity solutions we focus on
in this paper is primarily that it falsifies an alternative hypothesis: the wall of marginal
stability does not indicate a continuous transition to a non-BPS branch. Such a transition
is also excluded on the grounds that the non-BPS branch exists for all moduli. Moreover,
for the moduli sin o« < 0 where both branches exist, the non-BPS states have larger energy,
so there we expect a first order transition between the branches.

Angular momentum provides an important elaboration to this picture. The simple
two-center DO — D6 BPS solution discussed above is supported by angular momentum
|j | = %POQO. A more general family of solutions with the same total charge vector T' has
the D6 at the center and places the D0’s on a sphere of the radius R given in (4.22) [21].
The total angular momentum of this “halo” solution is weigted by the D6 distribution
such that it covers the entire range 0 < |j| < %POQO. This is the same range of allowed
angular momenta found for the “slowly rotating” extremal non-BPS black hole [26]. The
first order transition from the non-BPS to the BPS branch can therefore proceed for any
of these allowed angular momenta, and for the entire range of moduli with sin« < 0.

There are other similarities between the two branches. For example, it is interesting
that the multi-center BPS solutions share the same flat directions as their extremal non-
BPS black hole cousins. At first this may seem to contradict our previous statement about
BPS black holes being complete attractors. However, the multi-center solutions do not
have regular horizons, they have primitive 1/2-BPS components with singular behavior at
their ”"horizons”. This structure is precisely what is needed to allow an orbit of multi-center

solutions under the same non-compact group as for the extremal non-BPS black hole.
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5 Non-BPS black holes from D3-branes at angles

In order to be sufficiently general, our generating D0 — D4 solution must allow for an
ambient B-field, and the dual DO — D6 black holes must have 3 independent B-fields.
There is yet another useful duality frame, where all the charges of the black holes are
those of D3-branes. In this frame the inevitable additional parameter is incorporated
geometrically, as a relative angle of the intersecting D3-branes.

As an application of the D3-brane representation we discuss the perturbative open
string analysis of the intersecting D3-brane system. We also discuss the supersymmetry
preserved by various subsets of D3-branes, but broken by the system as a whole.

5.1 Duality from D0 — D6 to D3-branes at angles

As we have emphasized, it is advantageous to analyze the DO — D6 system in terms of
its four primitive constituents with charge vectors (4.3)—(4.6). These are four constituent
D6-branes with fluxes, which we turn into four constituent D3-branes by acting with T-
duality three times, once along each of the three T?’s. On each T2, T-duality along one
direction turns the flux into the angle that the resulting brane subtends with respect to
the transverse direction.

To be more precise, the world-volume theory of a D-brane is determined entirely by
the gauge invariant quantities

o2ra/ Fi = 2rd fi — Bi = —(A;7 4+ By), (5.1)

where we used the notation (4.14) for the inverse fluxes. The resulting angle with respect
to the undualized direction on the ith 72 is then determined by

cot ¢; = 2w/ Fi = —(A;7 + By) . (5.2)

In our set-up the T-duality acts on each of the four constituent branes enumerated by
A,B=1,1I,1II,1V and endowed with the fluxes (4.7)—(4.10). For each pair of branes the
fluxes are the same on one of the three T%’s and it has the opposite sign on the remaining
T?’s. If the fluxes agree, the branes are obviously parallel within that 72, i.e. their relative
angle is 79;43 = qﬁiA — (bf = 0. If the fluxes have opposite signs, the relative angle of the

brane pair within that torus is

1 — cot(¢p) cot(pP) 1 _
t 948 — cot(p? — &P = i il = _Z[A;(1+ B —ATY . 5.3
CO 4 CcO (¢’L (bl ) COt(¢ZA) +COt(¢ZB) 2 [ ’l( z) 7 ] ( )
Here A; refers to brane A, in contrast to AZB = —A;. At this point we recall that the

parameters A; are determined by charges and B-fields according to (4.1)—(4.2). In fact the
constraints (4.2) demand that the expression on the right hand side of (5.3) is the same
for each of the T?’s.

1
cot 918 = —5 (i1 + B — A7l =-b. (5.4)

In summary, after duality each pair of constituent D3-branes have the same relative an-
gle (5.4) within two of the T%’s, and they are parallel within the last 72.
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In the preceding formulae we have been sloppy with signs, in order to keep notation
simple: in (5.1) we took the field strength f; on the ith T2. According to the flux assign-
ments (4.7)—(4.10) this is accurate for the constituent A = I but for A = II,111,IV some
of the fluxes actually have their signs flipped. The overall sign in our final formula for the
relative angles (5.4) should be adjusted accordingly.

The constant b has a simple interpretation, mentioned already after (4.2). It is the
b-field in the DO — D4 seed solution that gave rise to the D0 — D6 black hole after dualities.
It now appears in the expressions for the angles subtended by D3-branes. We can take
the dualities full cicle by aligning our coordinate system with one of the D3-branes, and
then dualize it to a D0 brane. Under this duality the remaining D3-branes turn into
D4-branes. This sequence of dualities can be viewed as an independent derivation of
the DO — D6 primitive constituents (4.3)—(4.6). In particular, it gives confidence in the
nonlinear constraints (4.2) imposed on the fluxes in the DO — D6-frame.

5.2 Perturbative stability of extremal black holes

We can study the stability of the extremal non-BPS black holes at weak string coupling
by examining the open strings stretching between its four constituent D-branes. We will
do this in the D3-brane duality frame where the fluxes are encoded in the angles between
the branes. The corresponding discussion for the D0 — D6 system (and other frames) then
follow by duality.”

We first consider a single pair of D3-branes on T%. Each of the D3’s have one direction
on each of the three T2, and their relative angles on the three 7%’s are 6; with 0 < 6; < .
The boundary conditions on the open strings stretching between the D3’s are then twisted

due to the relative angles. For example, the complex scalars on the three 72 have fractional

7
modes Xn+0i/7r

states energies and keeping only the GSO projected states, the lightest states in the NS-

and fermion modes are similarly twisted. Summing up the twisted ground

sector become four complex scalars in spacetime with masses (for more details see e.g. [27]):

1
/2
= — (-0 0 0
ami = o (=01 +02+63) ,
1
o/m% = % (91 — 69 —|—93) ,
1
/2
(01 40,0
amy = o— (01 +02—03) ,
1
a'm3:1—2—(91+92+63). (5.5)
T

It is clear that for some values of the relative angles the perturbative spectrum contains
tachyons, interpreted as a classical instability. A pair of constituent D3-branes is stable if

"The duality is from D3-branes at angles to the constituents of the DO — D6-system. We can also apply
formulae similar to the ones below directly to the D0 — D6 branes (following [22]) but in that case all three
angles are turned on, giving rise to tachyons and spacetime supersymmetry breaking.

,20,



their relative angles satisfy the stability conditions:

2+ 05 > 01,
01 + 65 > 02,
by + 62 > 03,
2w > 01 + 09 + 05, (5.6)

which assure the absence of tachyons. The non-BPS extremal black hole is perturbatively
stable if these conditions are satisfied for any pair of constituents.

The stability conditions are generally quite complicated. However, as we summarized
after (5.4), the relevant angles are very simple in our case: for each pair of branes one of
the relative angles vanish, while the other two angles have identical norm which we can
choose in the range 0 < [9/8| < 7. Identifying 6; = |945|, the stability conditions (5.6)
are easily verified. In more detail, the spectrum of light open strings (5.5) takes the values

: (5.7)

for each pair of branes, where 6 is the only non-trivial angle with 0 < 6 < 7. These masses
are non-negative.

In the R-sector the ground state energy vanishes by world-sheet supersymmetry. The
four complex fermion oscillators wib i/ (with ¢ = 0,1,2,3) then have positive frequency
modes 0,0,0/m,1 — /7. The GSO projected states have exactly one fermion oscillator so
we recover the spectrum (5.7), in accordance with spacetime supersymmetry satisfied by
each pair of D3-branes.

In the D3-frame we have seen that the equality of the relative angles on two different
tori gives a simple solution to the stability conditions (5.6) for each pair. The stability
conditions are less transparent in other duality frames. In the DO — D6 frame, the dictio-
nary (5.3) identifies the relative angles with the obscure combinations —$[A;(1+B?) —A7Y).
The requirement (4.2) that these combinations be the same on the three T?’s can therefore
be interpreted as a stability condition in the D0 — D6 frame.

Considering the second equation in (5.4) we can alternatively identify the relative
angles of the D3-branes on the three T?’s with the background B-fields in the DO — D4
seed solution. The absence of open string tachyons among pairs of the D0 — D4 branes is
thus upheld by the choice of a diagonal B-field in this frame.

The perturbative open string analysis evidently focusses on pairs of constituent D-
branes. However, as we detail in the following section, the total breaking of supersymmetry
can be seen only when all four 1/2-BPS constituents are taken into account. Since each
of the pairs preserves some supersymmetry, the absence of tachyons from the open string
spectrum was therefore anticipated on general grounds. The complete spectrum of the non-
BPS black hole includes collective states that depend for their existence on the presence
of three and four branes. Only the last kind, depending on all four constituent branes,
are sensitive to supersymmetry breaking. Since the classical non-BPS black hole entropy

vanishes unless all four constituent branes are present, we expect numerous modes of this
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type. The finite entropy and sensible thermodynamics do not suggest any instability among
these more exotic modes so we expect any tachyons in this sector either.

The instability to the BPS branch discussed in section 4.3 is not manifested as a
tachyon even among the modes depending on the presence of four branes, because this
instability is nonlocal in character: the non-BPS states can be represented geometrically
as four D3-branes intersecting over complex lines, while the corresponding BPS states are
just two D3-branes intersecting over a single point. In the region of moduli space where
the BPS bound state exists, both 3-surfaces have locally minimal areas, so transition from
one type of surface to the other will be non-perturbative. This is consistent with the first
order phase transition we discussed in section 4.3.

5.3 Supersymmetry breaking of D3-branes at angles

The black holes we study are non-BPS but their primitive constituents are 1/2-BPS. It is
interesting to examine how supersymmetry is broken by the addition of the different compo-
nents of the bound state. Our discussion will be in the D3 duality frame for definiteness but
the supersymmetry structure is the same for the four primitive constituents in other frames.
In order to compare the preserved supercharges of one D3-brane with those preserved
by another, we must rotate the supercharges. The generators of rotations within the
T%’s are: . . .
S, = %1“11“2, Sy = %r3r4, Sy = %1“51“6 : (5.8)

It is useful to organize the preserved supercharges into eigenvectors of the rotation gener-
ators [28, 29]:

1
Sil|s1,82,83) = 55 |s1,82,53),

where s; = +. Each supercharge |s; , s2, s3) is also a chiral spinor in the two non-compact
dimensions, and so corresponds to two supercharges. Thus a single D3-brane preserves 16
supercharges, 1/2 of the maximal supersymmetry.

Consider a pair of constituent D3-branes of type A, B situated at the relative angles
19‘143,19‘243,19343 within the three 72%’s. A candidate supersymmetry |s;, s2,53) preserved
by one of these is preserved also by the other when

3119{13 + 3279543 + 3379343 = 0 mod 27 . (5.9)

When applying these conditions we must be careful with the sign of the angle 19243 . We
will follow the definition (5.4) when determining relative signs.

Consider for example the constituents I and II. The fluxes (4.7)—(4.8) mean the
corresponding D3-branes are aligned on the first 72 so 19{’[] = 0. On the remaining
T?’s the D3-branes generally meet at a nontrivial angle. In fact they meet at the same
relative angle 195” = ﬂé’” on the remaining 7%’s. The supersymmetry condition (5.9) then
correlates the spinorial indices of the supersymmetries on those last 7%’s: both D3-branes
preserve |s1,+,—) and |s; — +) for s; = £. Proceeding similarly for the others pairs of
the form (I, B) we find the results reported in table 1.
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Pair Alignment angle Supersymmetry
(I, 11y |9 =0 ls1,—,4),ls1,4,—)
(1, I11) | o5 =0 |=,s2,4), 4,82, —)
(L 1v) | 05" =0 = o) 4, = sa)

Table 1. (I, B) pairs of constituents and their preserved supersymmetries.

Pair Alignment angle Supersymmetry
(1rr, vy | o™V = o 51, —, =), |s1,+,+)
(ar, vy | vtV =o |—, 52, =), |+,82,+)
(11, I11) | 93" =0 =, = s2), [+, +,83)

Table 2. (B, C) pairs of constituents and their preserved supersymmetries.

The remaining pairs of D3-branes have the opposite relative orientation. For example,
consider the constituents I71 and IV. The fluxes (4.9)—(4.10) again correspond to D3-

II1,IV
so v

branes that are aligned in first 72 = 0. However, they meet at the opposite rela-

tive angles vﬂén’lv = —ﬁén’lv on the remaining 7%’s. The supersymmetry condition (5.9)
again imposes no condition on the first 72 but now it anti-correlates the remaining 7%’s,
leaving the preserved supersymmetries |s;,—,—) and |s;,+,+) for s = . Proceeding
similarly for the remaining pairs we find the results reported in table 2.

Each pair of D3-branes preserve 8 supersymmetries, 1/4 of maximal supersymmetry.
We see from the tables that any three constituent D3-branes still preserve four super-
symmetries, 1/8 of maximal supersymmetry. For example the triple (I,II,IIT) preserves
|—,—,+) and |+, +, —). It is when we add the fourth constituent that supersymmetry will
be broken. For example, the supersymmetries preserved by the pair (I, 1) have none in
common with those preserved by the pair (I11,1V).

Multiple branes intersecting at angles generally preserve supersymmetry exactly when
all the branes are related by SU(3) rotations [28-30]. In the examples above, the rotation
relating each pair of branes is indeed SU(2) with respect to an appropriate complex struc-
ture. Also, the rotations relating each triple fit into an SU(3) for some complex structure.
The important point is that the required complex structures are incompatible. For exam-

IILIV _ _ gIILIV
: - _

ple, the rotations with ¢ 3 are U(1) rotations with opposite angles, and so

they combine to an SU(2) rotation with respect to the most obvious complex structure.
The rotations with 195’11 = ﬂé’n

to a complex structure that has the opposite orientation on one or the other T°2.

similarly combine to an SU(2) rotation, but with respect

The preceding analysis was for generic rotation angles 79;43 . Alternatively we can try
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to satisfy the supersymmetry conditions (5.9) by considering special angles. If for each
pair we can take one of the angles 19;43 to vanish and the other two identical, either 0 or ,
then all the 16 supersymmetries of a single D3-brane are preserved. The dictionary (5.4)
shows that these special angles appear in the limit b = +00. Therefore full supersymmetry
is restored in our DO — D4 — D4 — D4 seed solution with a diagonal B-field B, in the limit
where B — +oo.

6 Discussion

We conclude with a few open questions that we hope to address in future work:

e Quantum corrections: Our constituent model has no binding energy at the classi-
cal level, and it has exactly flat directions that are special to the non-BPS branch. It
is interesting to ask whether these properties are preserved by quantum corrections.

One indication that they are not is the apparent failure (discussed in section 4.2) of
charge quantization: the black hole itself carries quantized charges, but it is generally
not clear why the charges of the individual constituents should be. This is related
to the breaking of the classical U-duality group (SL(2, R))? to its discrete version by
quantum corrections. This relation may give a way to understand the corrections
more precisely.

e The 5D interpretation: in the absence of B-fields the D0 — D6 solution allows a
a purely geometrical interpretation in 5D, identified as a near horizon patch of the
extremal Kerr solution [5]. It would be interesting to extend this identification to
include the three B-fields. This will introduce charges in 5D and for this larger family
of solutions there may be limits that are under good control.

e Multi-center solutions: our arguments suggest the existence of multi-centered
extremal non-BPS supergravity configurations satisfying two basic requirements: the
locations of the centers should not be constrained and the charge vector at each center
should should be that of the appropriate constituent model.

The multi-center non-BPS solutions reported in [31] seem to confirm this expecta-
tion, for the special case of diagonal charges. It would be interesting to check this
expectation for generic moduli in the more general configurations described in [9, 10]
and to study the differences that will arise in the presence of angular momentum.

e The microscopic interpretation of non-BPS black hole entropy: classically,
the entropy formulae of BPS and non-BPS black holes are almost identical. For exam-
ple, the black holes in N = 8 supergravity have entropy of the form Sppg = 271\/@
with the non-BPS/BPS distinction encoded in the sign of the quartic invariant Jy.
The obvious similarity between the entropy formulae on the two branches is commonly
interpreted as a hint that their microscopic origins are virtually identical, i.e. related
by analytical continuation [5]. Our work challenges this interpretation in its simplest
form, by highlighting significant differences between the two branches. For example,
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the classical moduli spaces are different even in their dimensionality. This is relevant
because precise counting of BPS states often involves choosing a favorable point in
moduli space, such as turning on a small B-field to avoid bound states at threshold.
This is not possible for the non-BPS states where the B-field is a classical modulus.
Therefore the corresponding microstates cannot be related by analytical continuation.

Despite these challenges we remain sympathetic to the idea that the extremal non-
BPS entropy can be understood in a simple manner. The significant differences
between the two branches must be addressed by a more detailed understanding of
the microscopics. Indeed, they may give guidance towards such a description.
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